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In this paper, we show that among all the connected graphs with n
vertices and k cut vertices, the maximal signless Laplacian spectral
radius is attained uniquely at the graph Gn,k , where Gn,k is obtained
from the complete graph Kn−k by attaching paths of almost equal
lengths to all vertices of Kn−k . We also give a new proof of the
analogous result for the spectral radius of the connected graphs
with n vertices and k cut vertices (see [A. Berman, X.-D. Zhang, On
the spectral radius of graphs with cut vertices, J. Combin. Theory
Ser. B 83 (2001) 233–240]). Finally, we discuss the limit point of
the maximal signless Laplacian spectral radius.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this paper all graphs are ﬁnite and simple. Graph theoretical termsused but not deﬁned
can be found in Bondy and Murty [2].
LetG = (V(G), E(G))be a simple graphonn vertices. DenoteV(G) = {v1, v2, . . . , vn}. The adjacency
matrix of G is A(G) = (aij)n×n, where aij = 1 if two vertices vi and vj are adjacent in G and aij = 0
otherwise. Let D(G) = diag(d1, d2, . . . , dn) be the diagonal matrix of vertex degrees of G. We call the
matrix Q(G) = D(G) + A(G) signless Laplacian matrix of G. All eigenvalues of A(G) and Q(G) are real
since they are real symmetric matrices. The largest eigenvalue of A(G) is called the spectral radius of
G and denoted by ρ(G). The signless Laplacian spectral radius (Q-spectral radius), μ(G), of G is the
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largest eigenvalue of Q(G). Moreover, by the Perron–Frobenius Theorem, we know that theQ-spectral
radius μ(G) is simple and has a unique (up to a multiplication by a scalar) positive eigenvector if G is
connected. We shall refer to such an eigenvector as the Perron vector of Q(G). Note that the Q-spectral
radius increases if we add an edge to G.
Let R be the vertex-edge incidence matrix of a graph G. It is well-known that RRT = D(G) + A(G).
Thus, if x is a unit Perron vector of Q(G), then we also have
μ(G) = max
y∈Rn
||y||=1
yTQ(G)y = xTQ(G)x = xTRRTx = ∑
vivj∈E
1 i<j n
(xi + xj)2. (1.1)
A cut vertex in a connected graph G is a vertex whose deletion breaks the graph into two (or more)
parts.
The investigation on the spectral radius of graphs is an important topic in the theory of graph
spectra. For results on the spectral radii of graphs, the reader is referred to [1,5,13] for the references
therein. In [3], Brualdi and Solheid proposed the following problem concerning the spectral radii:
Given a set of graphs G, ﬁnd an upper bound for the spectral radii of graphs in G and characterize the
graphs in which the maximal spectral radius is attained. Berman and Zhang [1] studied this question
for graphs with n vertices and k cut vertices, and described the graph that has the maximal spectral
radius in this class.
The study of the signless Laplacian spectrum (which consists of the n eigenvalues of Q(G)) has
recently attracted researchers’ attention. We refer the reader to survey articles [6–9] for further infor-
mation. Similar to the above problem concerning the spectral radii, the following problem concerning
the Q-spectral radii is natural: Given a set of graphs G, ﬁnd an upper bound for the Q-spectral radii
of graphs in G and characterize the graphs in which the maximal Q-spectral radius is attained. In
this paper, we investigate the same question for G = Gkn , the set of connected graphs with n vertices
and k cut vertices. We show that of all the connected graphs with n vertices and k cut vertices, the
maximal Q-spectral radius is achieved only at Gn,k , where Gn,k is a graph obtained by attaching paths
P1, P2, . . . , Pn−k of almost equal lengths (by the length of a path, wemean the number of its vertices) to
the vertices of the complete graph Kn−k; that is, the lengths 1, 2, . . . , n−k of P1, P2, . . . , Pn−k which
satisfy |i − j| 1; 1 i, j n − k.
To prove our theorems,we state somenecessary lemmas andnotation in Section 2. Themain results
of this paper are arranged in Section 3.
2. Lemmas
In this section, we state some simple lemmas and notation.
Lemma 1 ([7, Theorem 4.7]). Let G be a graph on n vertices with vertex degrees d1, d2, . . . , dn and q1(G)
be the largest eigenvalue of Q(G). Then
min
vivj∈E(G)
(di + dj) q1(G) max
vivj∈E(G)
(di + dj), (2.1)
For a connected graph G, equality holds in either of these inequalities if and only if G is regular or
semi-regular bipartite.
Lemma 2 ([4,9]). Let u and v be two adjacent vertices of the connected graph G and for positive integers k
and l, let G(k, l) denote the graph obtained from G by adding pendant paths of length k at u and length l at
v. If k l 2, then q1(G(k, l)) > q1(G(k + 1, l − 1)).
Finally, recall an operation of graphs. Let G1 and G2 be two disjoint connected graphs, and let
v1 ∈ G1, v2 ∈ G2. The coalescence of G1 and G2, denoted by G1vG2, is obtained from G1 and G2 by
identifying v1 with v2 and forming a new vertex v; see [5].
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3. Main results
We present our main results in this section.
Theorem 1. Of all the connected graphs with n vertices and k cut vertices, the maximal signless Laplacian
spectral radius is achieved uniquely at Gn,k.
Proof. We have to prove that if G ∈ Gkn , then μ(G)μ(Gn,k) with equality only when G = Gn,k . Since
the signless Laplacianmatrix of a connected graph is irreducible, we haveμ(G) < μ(G + e) if we add
an edge e to a connected graph G. Consequently, we can assume that each cut vertex of G connects
exactly two blocks and that all of these blocks are cliques. Choose G ∈ Gkn such that the Q-spectral
radius of G is as large as possible. We now have the following fact.
Fact 1. There does not exist a cut vertex of G connecting two cliques Kn1 and Kn2 with n1  3 and n2  3.
Proof. Assume, to the contrary, that V(Kn1) = {v1, v2, . . . , vn1} and V(Kn2) = {vn1 , vn1+1, . . . ,
vn1+n2−1}withn1  3andn2  3. Let x = (x1, x2, . . . , xn)T be aunit Perron vector ofQ(G), where xi cor-
responds to the vertex vi for 1 i n. Without loss of generality, let x1 = min{xi : i /= n1, 1 i n1 +
n2 − 1}. Now we can obtain a graph G∗ from G by deleting edges v1vi and adding edges vivj for
2 i n1 − 1 and n1 + 1 j n1 + n2 − 1. It is obvious that G∗ ∈ Gkn . In what follows, we will prove
μ(G) < μ(G∗). Clearly,
xT (Q(G∗) − Q(G))x = ∑
2 i n1−1,
n1+2 j n1+n2−1
(xi + xj)2 +
n1−1∑
i=2
[
(xi + xn1+1)2 − (xi + x1)2
]
> 0.
Thus
μ(G∗) = max
y∈Rn
||y||=1
yTQ(G∗)y > xTQ(G)x = μ(G).
But this contradicts the choice of G. So this fact holds. 
Assume that all the blocks of G are Ka1 , Ka2 , . . . , Kak+1 . Order the cardinalities of these blocks
a1  a2  · · · ak+1  2. If k = 0, thenμ(G) 2n − 2with equality if and only if G = Kn = Gn,0. Thus
we may assume that 1 k n − 2. Furthermore, we observe that a1 = n + k − (a2 + a3 + · · · +
ak+1) n − k. By Fact 1 and Lemma 1, we have
μ(G) a1 + a1 = 2a1.
If a1  n − k − 1, then μ(G) 2n − 2k − 2 < μ(Gn,k). But this contradicts the choice of G. Thus
we only need to consider the case a1 = n − k.
If a1 = n − k, then a2 = · · · = ak+1 = 2. Hence G = Kn−kv1P1v2P2 · · · vn−kPn−k , where P1, P2,
. . . , Pn−k are disjoint paths, Pi is a path of length of i, V(Pi)
⋂
V(Kn−k) = vi, and∑n−ki=1 i = n. Now
the result follows from a repeated use of Lemma 2. The proof is complete. 
Using the above method, we can also prove the following result on the spectral radius in [1].
Theorem 2 ([1, Theorem 3.1]). Of all the connected graphs with n vertices and k cut vertices, the maximal
spectral radius is obtained uniquely at Gn,k.
Proof. We have to prove that if G ∈ Gkn , then ρ(G) ρ(Gn,k) with equality if and only if G = Gn,k . We
ﬁrst have ρ(G) < ρ(G + e) if we add an edge e to a connected graph G. So we can assume that each
cut vertex of G connects exactly two blocks and that all of these blocks are cliques. ChooseG ∈ Gkn such
that the spectral radius of G is as large as possible. We ﬁrst show the following fact.
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Fact 2. There does not exist a cut vertex of G connecting two cliques Kn1 and Kn2 with n1  3 and n2  3.
Proof. Assume for the contradiction that V(Kn1) = {v1, v2, . . . , vn1} and V(Kn2) = {vn1 , vn1+1, . . . ,
vn1+n2−1} with n1  3 and n2  3. Let x = (x1, x2, . . . , xn)T be a unit Perron vector of A(G), where xi
corresponds to the vertex vi for 1 i n. Let x1 = min{xi : i /= n1, 1 i n1 + n2 − 1}. Thenwe get a
graph G∗ from G by deleting edges v1vi and adding edges vivj for 2 i n1 − 1 and n1 + 1 j n1 +
n2 − 1. It is clear that G∗ ∈ Gkn . In the following, we will show ρ(G) < ρ(G∗). Clearly,
xT (A(G∗) − A(G))x = ∑
2 i n1−1,
n1+2 j n1+n2−1
2xixj + 2
n1−1∑
i=2
(xixn1+1 − xix1) > 0.
Thus
ρ(G∗) = max
y∈Rn
||y||=1
yTA(G∗)y xTA(G∗)x > xTA(G)x = ρ(G).
But this is a contradiction. 
Assume that all the blocks of G are Ka1 , Ka2 , . . . , Kak+1 . Order the cardinalities of these blocks
a1  a2  · · · ak+1  2. If k = 0, then ρ(A(G)) n − 1 with equality if and only if G = Kn = Gn,0.
Hence wemay assume that 1 k n − 2. Moreover, we observe that a1 = n + k − (a2 + a3 + · · · +
ak+1) n − k. Denoting the largest vertex degree of G by (G), we have ρ(G)(G). By Fact 2,
ρ(G)(G) = a1.
If a1  n − k − 1, then ρ(G) n − k − 1 < ρ(Gn,k). But this contradicts the choice of G. Thus we
only need to consider the case a1 = n − k.
If a1 = n − k, then a2 = · · · = ak+1 = 2. So G = Kn−kv1P1v2P2 · · · vn−kPn−k , where P1, P2, . . . ,
Pn−k are disjoint paths, Pi is a path of length of i, V(Pi)
⋂
V(Kn−k) = vi, and∑n−ki=1 i = n. Now the
result follows from a repeated use of the corresponding result [12] concerning the spectral radius of
Lemma 2. This completes the proof. 
Let Tn,k be a tree with n vertices, which is obtained by adding paths P1, P2, . . . , Pk of almost equal
lengths to the pendent vertices of K1,k .
Corollary 1 [Hong and Zhang [11], Theorem 2.2]. Let T be a tree with n vertices and k pendant vertices.
Denote the Laplacian spectral radius of a connected graph G by μ∗(G). Then μ∗(T)μ∗(Tn,k), where
equality holds if and only if T is isomorphic to Tn,k.
Proof. Let LG be the line graph of G. From [14], we know μ
∗(G) 2 + ρ(LG), where equality holds if
and only if G is a bipartite graph. Moreover it is well known that the spectrum of the Laplacian matrix
D(G) − A(G) and that of D(G) + A(G) coincide if G is a bipartite graph [10]. Hence we have μ∗(T) =
μ(T) = ρ(LT ). Further, it is easy to see that LT ∈ Gn−1−kn−1 if T is a tree with n vertices and k pendant
vertices. By Theorem 2, we have ρ(LT ) ρ(Gn−1,n−1−k). Since LTn,k is isomorphic to Gn−1,n−1−k , we
obtain ρ(LT ) ρ(LTn,k). Thus the proof is complete. 
Now, we present the equation of the Q-spectral radius μ of the graph Gn,k .
Theorem 3. The Q-spectral radius μ of the graph Gn,k with k n2 satisﬁes the equation
μ3 + (2 + 3k − 3n)μ2 + (2n2 − 4nk − n + 2k2 − 2)μ
−4 − 6k − 2k2 + 6n + 4kn − 2n2 = 0.
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Proof. We suppose that the vertex set of Gn,k is {v1, v2, . . . , vn}, the induced subgraph by the vertex set{v1, v2, . . . , vn−k} is a clique and v1vn−k+i ⊆ E(Gn,k) for 1 i k. Let x be a Perron vector of Q(Gn,k),
where xi corresponds to the vertex vi. By the symmetry of Gn,k , we have
μx1 = (n − k)x1 + xn−k+1 + (k − 1)x1 + (n − 2k)xn−k,
μxn−k = (n − k − 1)xn−k + kx1 + (n − 2k − 1)xn−k,
μxn−k+1 = xn−k+1 + x1.
Thus
xn−k = (μ − n + 1)x1 − xn−k+1
n − 2k =
(μ − n + 1)(μ − 1) − 1
n − 2k xn−k+1,
xn−k = kx1
μ − (2n − 3k − 2) =
k(μ − 1)
μ − (2n − 3k − 2)xn−k+1.
Hence
(μ − n + 1)(μ − 1) − 1
n − 2k =
k(μ − 1)
μ − (2n − 3k − 2) ,
which implies the desired result. 
Corollary 2. Let μ be the Q-spectral radius of the graph Gn,k with k n2 and n 5. Then
μ < 2(n − k − 1) + 2k(n − k − 1)
2(n − k − 1)2 − n .
Furthermore, if k is ﬁxed, then
lim
n→∞
{
μ −
[
2(n − k − 1) + 2k(n − k − 1)
2(n − k − 1)2 − n
]}
= 0.
Proof. Since Gn,k contains a complete subgraph of order n − k, we have μ > 2n − 2k − 2. Let μ =
2n − 2k − 2 + x, where x > 0. Then in view of Theorem 3, we obtain
x3 + (3n − 3k − 4)x2 +
[
2(n − k − 1)2 − n
]
x − 2k(n − k − 1) = 0.
Thus x < 2k(n−k−1)
2(n−k−1)2−n and the results follow. 
Theorem 4. Let μ be the Q-spectral radius of the graph Gn,k with
n
2
< k n − 3 cut vertices. If n − k is
ﬁxed to be a constant m, then
lim
n→∞ μ = 2m − 1 +
1
2m − 3 .
Proof. Since n − k is a constantm, theQ-spectral radius ofGn,k is an increasing function of the number
n of the vertices of Gn,k andμ < 2m by Lemma 1. Thus limn→∞ μ exists. Hence a = limn→∞ μ 2m.
So we may only consider the subsequence of μ for n = mr, where r is an integer. In other words, we
can assume that Gn,k is obtained by attaching paths P1, . . . , Pn−k of equal lengths to the vertices of
the complete graph Kn−k , and the vertex set of P1 is {v1, v2, . . . , vr}. Let x = (x1, . . . , xn)T be a Perron
vector ofQ(Gn,k), where xi corresponds to the vertex vi. FromQ(Gn,k)x = μx, we have x2 = (μ − 1)x1,
x3 = (μ − 2)x2 − x1, …, xr = (μ − 2)xr−1 − xr−2. Thus we obtain
xr = (1 + λ2)λ
r
1 − (1 + λ1)λr2√

x1, (3.1)
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xr−1 = (1 + λ2)λ
r−1
1 − (1 + λ1)λr−12√

x1, (3.2)
where λ1 = μ−2+
√

2
, λ2 = μ−2−
√

2
and = μ2 − 4μ > 0. By the symmetry of the graph Gn,k , we
have μxr = (n − k)xr + xr−1 + (n − k − 1)xr . So
xr−1
xr
= μ − 2m + 1. (3.3)
Combining the above Eqs. (3.1), (3.2) and (3.3), we obtain
μ − 2m + 1 = (1 + λ2)λ
r−1
1 − (1 + λ1)λr−12
(1 + λ2)λr1 − (1 + λ1)λr2
.
By taking the limits to two sides of above equality, we have a − 2m + 1 = 2
a−2+√a2−4a . Hence
limn→∞ μ = a = 2m − 1 + 12m−3 . 
Combining Theorem 1, Corollary 2 and Theorem 4, we have the following result.
Theorem 5. Let μ(G) be the signless Laplacian spectral radius of a connected graph G with n vertices and
k cut vertices. Then
μ(G) <
⎧⎨
⎩2(n − k − 1) +
2k(n−k−1)
2(n−k−1)2−n for k
n
2
and n 5,
2n − 2k − 1 + 1
2n−2k−3 for
n
2
< k n − 3.
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